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|deal Short Pulse: Fourier Transform Limit

!‘

Transform limited pulse —
phase changes linearly in
b | time throughout the pulse

Eg: Gaussian amplitude profile pulse: E(t) = Ete—afzeiwot

(w=wo)*
The Fourier Transform of this waveis: E(w) = E_ e" ia

We don’t measure the amplitudes, we measure the irradiance, |,
and spectral power, S.

2(w—wgp)®

I(t) o |[E(1)|? = JDE—EHF S(w) < |E(w)|? = Sye o



ldeal Short Pulse: Fourier Transform Limit

2(w—wg)®

1) o |[EO)2 = Loe22®  S(w) ¢ [E@)[? = Soe™ 36

_ Aw _ 2(&)1‘,’3 — {du)

v = 2T 2T
Enz 2In2
=—2ain2 = —v2alin2
2T T
Giving the minimum time-bandwidth product:
|
2in2 I
AtAv =
T

|

|

t : 5051/2

At (FWHM) A® (FWHM)



Material Dispersion, n(A)
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Material Dispersion
Single wavelength: E(z,t) = Eycos(wt —kz + @)

wn 2mn
where k=—=
C Ao

o is a constant of the wave, and k is material dependent, A, is the
wavelength in vacuum
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b, = (wty — kz, + 0y) b, = (wty — kz + 0,)

AD = ¢, — ¢y = k(z — z,)



Material Dispersion

|
Chirped Optical Pulses: w
U

E(z,t) = Re{E(t)e!(@ot~k0?)}

Where E(t) is a complex function, and here we will assume the
amplitude is Gaussian

E(t) = Ejet"ei®(®)

The phase of the wave is no longer simply linear with time or

distance. .
Taking z=0, ¢y, = @yt + O(t)

The instantaneous frequency is given by:

_ Addior
dt

w



Material Dispersion

_ Adior
dt

w

So what is ¢,,, as a function of distance z?

As we have seen, the phase changes with propagation
length:

¢(2) = ¢gt+kz

But k is not linearly dependent on frequency

And for some reason, we no longer use the symbol k for
wavenumber, but we talk about a propagation constant,

p(w).



Material Dispersion

The propagation constant then varies with ® and the
frequency dependent refractive index

B(w) depends on the material, but it doesn’t depend on time

But we have written the electric field as a function of time and
propagation length, and the phase was time dependent

E(E, IT) = By E?_Fﬂtzei‘ﬁ(t}ef(mnt—ﬁ(mnjﬂ

Time and frequency are Fourier Transform pairs so you
cannot simply write an expression for ¢(t) using ()



Material Dispersion

You must use the Fourier Transform of the electric field E(z, ®)

If we are concerned with propagation, then we can
choose to have the starting point be z=0.

E(0,w) = Eye T(@-@o)*

Where I is complex giving both the bandwidth of the
spectral amplitude and the frequency dependent phase

As long as the material is not absorbing (gain), only the
phase is changed by propagation:

E(z, ) = E(0,w)e 1B@)z
b (®,2) = ¢ (0,2=0) + B(®)z



Material Dispersion

Orot(®,2) = Oyor(®,2p) + P(®)z

wn(w)

Blw) =

But n(®) is a complicated function so instead we can use
a Taylor Expansion, as long as the bandwidth is small
compared to the central frequency, w, .

1d2p 1d38

d
Bw) = Blwe) + oo (@ — wa) + 5 5 (@ — wo)? + 5 o

(0 — we)* +



Dispersion Terms

Bo = B(@)]yep, = —2-=—"20

F:ﬁ(mn} phase velocity

dp 1 1
B - dmlm @o _vg(mu)_

group velocity

B = e = d 1 )= Group Velocity Dispersion (GVD)
dw2 '“=%o vg(wo)

—— z =7y + ] tﬂ]—>{
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Pulse Stretching

Assume we start with a transform limited Gaussian pulse in
time: ,

E(0,t) = Eye lot"glwot
The Fourier transform of a Gaussian pulse in time is Gaussian
in frequency:

(m—mﬂjz

E(0,w) = Eze  *o

After propagating a distance z, in a material the
electric field now has the expression:

E(z, w) = E(0, w)e @)z

We will consider the propagation constant up to
second order (GVD) in the Taylor expansion.



Pulse Stretching

(m—mujz

E(z,w) = Ege  *To exp [—i (ﬁ{, + B (w — wy) +%,8”(m - mDJE) z]

Rearranging the expression gives:

E(z, w) = Egexp K—fﬁng —if'z(w — wo) — (4}“ + iﬁ;’z) (= MG)E)]

We need to Fourier Transform this expression to get the time
dependent field.



Pulse Stretching

Fourier Transform, with central frequency term pulled out in
front, to have frequency in terms of the difference: (0-m,)

E(z,t) = e'@ot f E(z, w) el(@=®a)t g,
Substituting in expression for E(z,®) gives:

E(z, t)
= eient=200 [ Epexp [( (t— B'2)(w - mn)—(4r W2 )(m—mg)zﬂ do

We can now write a shifted time coordinate: t'=t- 3’z

And write a z-dependent pulse width parameter I'(z)
1 1

T T ik



Pulse Stretching

Substituting in expression for I'(z) and t’ gives:

(w—wg)?

E(z” I‘) — Ei{{dnt—,&uz} f E'}E_ 4F(3] Elim_mﬂjrfd(m _ mﬂ)

The integral is the inverse Fourier transform of a Gaussian, giving:

o) =l (15,855 e |10 (1555
Z,t) = exp |iw, 0 (@) exp (2) v (@9)

Where we have substituted in the expressions for the phase
velocity, vy(my)=wy/B, and group velocity, v,=1/f".

E(z,t) is still a Gaussian, where the phase travels with the phase
velocity, the amplitude profile travels with the group velocity and
the width of the pulse is determined by I'(z)



Chirped Pulse: Non-Fourier Transform Limited

E(t) = Eﬂe—mzemr}

] Where the phase can now be a
complicated function of time

As long as the bandwidth is not too large we can use a Taylor
expansion to write, ¢(t) — for now we just need terms up to t°.

d(t) = wyt + bt?
This phase gives a linear chirp:

w = wy + bt



Chirped Pulse: Non-Fourier Transform Limited

E(t) = EDE—atEEi{mqutE}

E{t] _ EDE—{E—I'II]I?EEI':[MEE]
Compare this to the Gaussian pulse stretched by dispersion:

E(t) = exp(iwyt)exp|—Tt?]



Chirped Pulse: Non-Fourier Transform Limited

For the pulse chirped from dispersion, we want to write I in
terms of a and b:
['(z) =a-

1
— '2 rr
' Fﬂ+1 'z

Toi28'z\  p—i2pz

1 rr 1 1 rr 1
F—U+LZB Z E—LZB z (_) + (2"'z)2

D

a = Re{l'(2)} = T b =Im{l(z)} = 22'8”3

() +@B2r () + B2y




Chirped Pulse: Non-Fourier Transform Limited

1
a -l
(7) + @2y
_(1) 1-1(2 I )E
a \T, + (28" z

'ZEHZ 2(n2
ﬂtstrerched — — r [1 + FDE(ZEHE)E]

The shorter the original pulse, the larger the value ',
which shows that for the same dispersion, ", the pulse
can get longer for a shorter original pulse.




Chirped Pulse: Non-Fourier Transform Limited

2In2 ZIHZ
ﬂtstrerched —

Hz) ]

d

Note: the spectral bandwidth has not been altered by dispersion,

1
Av = E,jzrn In2

s ([

2 In2

AtAv =

1+ T,%(28"z)% = zirlz\/(l +(b/a)?)



Angular dispersion - parallel gratings

K;H
“Optical Pulse Compression With Diffraction Gratings” Edmond
B. Treacy, |IEEE J. Quantum Electron, 1969, QE-5, p. 454,



Angular dispersion - parallel gratings

=0

—-»  Because the gratings are
/ \\3:1 R parallel, all wavelengths that
X .
. ,;,\\m J jcra\./el in the same beam' |
incident on the first grating will

leave the second grating
parallel to the incoming beam

X=0

Because each wavelength diffracts from the gratings at different
angles, they travel different distances to get from the x=0 plane
before striking the first grating back to x=0 after diffracting off
the second grating



Angular dispersion - parallel gratings

=0
- .~ The phase accumulated from
1\\3:1 N x=0 back to x=0 for each
. ’,;\.\m , Wavelength is given by:

¢ =kp, where p is the path
length traveled

J'-’L;[}
Now we are assuming that the gratings are in vacuum so there is
no material dispersion so we can write:

— d W
k—? an @:?p



Angular dispersion - parallel gratings

=0

Now we need an expression for
p as a function of ®

First we use geometry to get:
p = b(1 +cos 0)

Where b is the distance
travelled between the two
gratings and is wavelength
dependent



Angular dispersion - parallel gratings

=0

p = b(1 +cos 0)

G

b:cos(}f—ﬂ)

Where G is the perpendicular distance
between the two gratings and (y—0) is
the angle between b and the grating
normal

'i
Xz

And then we use the grating equation to get an expression for
(y—0) as a function of A and d, the grating constant.

A
sin(ly —0) = i siny



Angular dispersion - parallel gratings

The path length DBE and D’B’E’
from the same phase front to
N another phase front have the same
H - phase difference, but the path
B lengths are clearly different. The

o "’/? grating phase of -2x for every d
| ,,;;? along the grating distance, BB’ must
o y # be added to the equation for ¢

21
0= —?Gmn(y —0)



Angular dispersion - parallel gratings

The total phase is then given by:

@—m znGt- .
= —p ——Gtan(y - 6)

W 21T
0= ?b(l + cosO) — FGHI‘H(]/ —0)

6= 1+ cost) -6t 0
_ccns(}f—ﬂ)( cos0) d an(y = 0)




Angular dispersion - parallel gratings

0= " 1+ cos0) = Gran(y — 6)
_ccns(}f—ﬂ)( cost) a -y

Once again the phase is a complicated function, so we
will use a Taylor expansion again. This time we write ¢
as a Taylor expansion:

1d%¢ 1d%¢

d
B@) = Blao) + 50 (0= 00) + 355 @ — @)+

(w— wpy)® +



Dispersion

$@) = $(@0) + 2L (0 — ) + 208 (= o) + 2o (10— ) +

From the Taylor expansion of the propagation constant, we had:

1 1
ug(mﬂ) group velocity

ag
BF |m wo —

dw

The first derivative term in the expansion for ¢, would be:

dp _dp' __ z

do  dw’ v, (@)

= group delay =7

The second derivative term in the expansion for ¢, would be:

9 _1 : _ & delay di GDD
dw?  dw\v,(w,) Z == groupaelay ispersion =



Angular dispersion - parallel gratings

0= " _(1+cost) - o
~ ccos (]/—9)( cost) d an(y = 0)
1d? 1d3
B(6) = B(0) + 50 (@ — o) + 7 (@ — wo)? + 5 5 (@ — ) +

If you carry out the first derivative you get:

9 _p
dw ¢

dp 2m 0
+({:)@m_ —G =~ [tan(y — 0)]

You can show that the second and third terms cancel to get:

9 _p
dw



Angular dispersion - parallel gratings

_9%_p

'1'_
dw ¢

If you carry out the second derivative and substitute in the
grating equation where needed you get:

ot —4m?%ch

Ju w>d? {1 — K%) — Sinyr]

Take note that the GDD of a parallel grating dispersion line is
always negative — it can balance positive material dispersion




Angular dispersion - parallel gratings

ot —4m%ch
GDD = Y 3 - 2
w3d? [1 — Kﬁ) — smyl }

This gives us the dispersion of the pulse peaks as a function
of the bandwidth
—4m?ch fw

2
w3d? {1 — K%) — siny] }
Since we measure the bandwidth in wavelength, A, Treacy
wrote the dispersion as:

O,T =

b (1/d)éA
cd {1 — [(A/d) — siny]?}

6‘;{1— —

These expressions tell you how big the separation b, needs to
be to achieve the wanted stretched pulse duration




Dispersion with Prisms — Material and Angular

For smaller values of
frequency chirps, we can use
parallel but opposing prisms.
Again to get back to a circular
beam, we use a second pair of
prisms or a mirror at HH’

“Negative dispersion using pairs of prisms” R.L Fork, O. E.
Martinez, and J.P. Gordon, Opt. Lett., 1984, 9, 15-17



(b)

Dispersion with Prisms — Material and Angular

Optical path lengths, P,
of CDE and CB must be
equal

P = fn[z)dz

B We can use the
e equivalent path length
J Cl=P

P=1cosf3



Dispersion with Prisms — Material and Angular

d=kP
dao d d (21
I_dm_dm(kp)_dm(l P)

()= L) 2



Dispersion with Prisms — Material and Angular

drt dA dt AZ dt
GDD=—=——"=
A de dA 2mc dA

GDD = — {” [P—Aj—j}

2nic LecdA

A2 (1 [dp dP dZp
Gnnz——{—{ _ —,1—}
2mec Le LdA dA dAZ

_ ., 2% (ad%p dt Ad?*P
GDD = 4 27C {Eﬁ} a1 _{EW}



Dispersion with Prisms — Material and Angular

5 —dT:S —drﬁi
T a0’ T A

OT = GDDow = DLHA

1dt A d?P

D=—Ta1 " cLar

Where P is the optical path length and L is the length



Dispersion with Prisms — Material and Angular

P = 2;_[:5,5,3 The 2 is for the double
set of prisms

dP , d*P
ap —2lsinf ap? = —2lcosp

d’pP  [d*ndp (dn)z dp

B . dP (dn)z (dﬁ)z d?P
dA> |d22dn  \dA) dn?|dB \di) \dn/ dp?




Dispersion with Prisms — Material and Angular

From Snell’s Law, where the
prime angles are inside prism

b o C sing, = nsing’,
/) /\ sing, = TlSiTl(ﬁ"g

For the apex angle, o and using Brewster’s angle :

a=¢'y+ ¢, ¢'v =9
dp, 1 . ., : :
in _ cosd, |sing’, + cos¢',tang’,]
d*¢,

dqﬁz)g B tan?¢’, (dqﬁz)

dn? tang, ( dn n dn



Dispersion with Prisms — Material and Angular

dﬁ o d‘i’z dEJB o dquz
dn  dn dnz  dn?
d? 2 *Note there
ﬁ:—z —§:_4”+_3 is a typo in
dn dn n yp
the paper
dp d*n 1\ rdny?] dn\”
a7~ ez () (@) [sm8 —2(G5) coss

sinff %0, cosf =1

The second term typically dominates giving negative dispersion —
like a grating pair, but much smaller magnitude — used in short
pulse oscillators.



Chirp Compensation

For wavelengths < 1.5um, material dispersion is typically
positive

In the original optical pulse compression systems, optical
fibers were used to stretch the pulses with this positive
GDD, and then grating compressors with negative GDD
were used to compress the bandwidth

In the first ~ 100 fs oscillators, the positive dispersion from
the crystals and mirrors was balanced by the negative
GDD of prism compressors placed inside the oscillators



Thank You
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